A metamaterial composed of a set of periodic rigid resonant inclusions embedded in a porous lining is investigated to enhance the sound attenuation in an acoustic duct at low frequencies. A transmission loss peak is observed on the measurements and corresponds to the crossing of the lower two Bloch modes of an infinite periodic material. Numerical parametric studies show that the optimum modal attenuation can be achieved at the exceptional point in the parameter plane of inclusion position and frequency, where the two lower modes merge.
I. INTRODUCTION
Acoustic treatments are often used to limit noise propagation in acoustic waveguides such as ventilation systems, exhaust devices, and aircraft engines. In the last situation, the acoustic liners are generally made with a perforated sheet backed by a honeycomb. 1 This kind of material has good attenuation properties only in a narrow frequency band, but their main advantages are their mechanical robustness and their capability to resist to harsh conditions, i.e., they constitute the reference solution in a turbofan engines.
For future aircrafts, there is a need for efficient treatments at low frequencies with small thickness. That is why other materials, like micro-perforated plate, 2, 3 extended Helmholtz resonator, 4 or slow sound materials, [5] [6] [7] which uses folded side branch quarter wavelength resonators to reduce the effective compressibility of the fluid, have been used to enhance sound attenuation in a duct with a grazing flow.
For some other applications, porous materials are often used [8] [9] [10] [11] [12] [13] to reduce the noise emission, e.g., in the ventilation systems and the auxiliary power units (APU) of aircrafts. Porous materials generally offer a wider absorption/attenuation band 14 and the recent progress of metallic foam open the door for porous materials solution in an aggressive environment. Nonetheless, they suffer from a lack of absorption efficiency at low frequencies, comparing to their efficiency at higher frequencies. The usual way, to solve that problem for absorbing panel, is by multi-layering. 15, 16 Another alternative solution is to embed periodic inclusions 17, 18 or subwavelength resonators [19] [20] [21] [22] [23] to create metaporous materials (resonant inclusions embedded in a porous matrix). Thanks to this approach, it is possible to get a total absorption 24 below the quarter wavelength frequency and to widen the absorption in a specified frequency range. The principle is that the energy is trapped and dissipated between the rigid inclusions and the rigid backing or in the inclusions themselves.
To the best of authors' knowledge, such metaporous materials have not been tested for duct applications. The multimode incidence of sound waves which depends on the duct dimensions makes the design of appropriate acoustic treatments more complex and less understood than for panels dedicated to room acoustic corrections.
The aim of this paper, is (i) to illustrate the potentialities of periodic rigid inclusions embedded in a porous material for waveguide attenuation and (ii) to link the optimal modal attenuation with higher modes interaction such as double roots of the dispersion equation [25] [26] [27] or exceptional points. [28] [29] [30] [31] [32] [33] [34] [35] The interest of such configurations has been shown in a preliminary numerical work 36 for basic two dimensional (2D) inclusions. We focus here on a three dimensional (3D) setup from both experimental and numerical point of view.
The present paper is organized as follows. After presenting Bloch wave and the finite element (FE) formulation in Sec. II, a description of the experimental protocol is presented in Sec. III, and finally results are compared.
II. BLOCH WAVE IN A DUCT

A. Problem statement
We consider time harmonic acoustic wave propagation (e Àixt ) in a 3D infinite periodic waveguide X a of height h a lined with a porous material X p of height h p with embedded rigid inclusions, as described Fig. 1 . In this study only the no mean flow case is considered. In each domain X a (a ¼ a; p), the pressure field is governed by the Helmholtz equation
with the wavenumber k a ¼ x=c a , defined as the ratio between the angular frequency x and the acoustic wave sound speed c a . Air and porous media are coupled together at the interface C c between the two waveguides and the interface at the inclusion opening. Here we ensure the continuities of the pressure p a and the normal velocity v a Á n where
On the rigid walls C w and C inc , the normal velocity vanishes v a Á n ¼ 0 (a ¼ a; p).
B. Bloch modes computation
As the governing equations, the boundary conditions, and the geometry are d-periodic, it follows from the Bloch theorem that the solutions are Bloch waves,
i.e., the pressure field can be split into a d-periodic field p a ðxÞ modulated by a plane wave involving the Bloch wavevector k B . The real part of k B measures the change in phase across the cell and its imaginary part the attenuation. We put k B ¼ k B j where the unit vector j ¼ k B =k B stands for the propagation direction and k B is the wavenumber. In the following, j is supposed to be aligned on the waveguide axis and is fixed to ½1; 0; 0 t . This decomposition holds if the real and imaginary parts of k B are collinear.
Combining with the homogeneous problem from Eq. (1), this yields an eigenvalue problem for the Bloch wave and the Bloch wavenumber k B ,
The associated weak formulation is obtained after multiplying Eq. (4) by a periodic test functionq a (a ¼ a; p) and integrating by parts over a unit cell, namely,
The global formulation is obtained by summing the weak formulations of both domains a ¼ a; p:
The normal derivative of the pressure vanishes on the rigid surfaces C inc and C w . Equation (2) implies that
thus the boundary terms vanish on these surfaces. The boundary term pairs on the lateral boundaries also vanish because of the periodicity ofp a andq a and due to the fact that the normal vectors point in opposite directions. The normal velocity continuity Eq. (2) on C c is automatically accounted for by removing the boundary integral. The resolution is generally performed by fixing k B (real) with x the eigenvalue. Propagating modes correspond to real frequencies whereas evanescent modes (i.e., band gap) correspond to complex frequencies. However, all the coefficients in porous medium are frequency dependent, which makes the eigenvalue problem highly nonlinear in x. Therefore, it is preferable to solve the quadratic eigenvalue problem at fixed x with k B as eigenvalue. 37, 38 Once the terms involving the power of k B have been collected, we get the following quadratic eigenvalue problem expressed in k B ,
The operators K i (i ¼ 0; …; 2) are combinations of bilinear operators involving the periodic test function and the periodic pressure field. Their definitions are given in Appendix B. Due to the fact that the porous material parameters are complex, the operators K i (i ¼ 0; …; 2) are not hermitian but simply complex symmetric or complex skew symmetric. 39 With or without inclusion, this kind of system is closely related with the existence of nonhermitian degeneracies 31 called exceptional points [28] [29] [30] (EPs). At each EP, both the eigenvalues and the right eigenvectors of two modes coalesce at a branch point in the parameters plane. The parameters can be a material property, such as density, dimension, position or the frequency etc. The EPs are different from the degeneracies encountered for hermitian operators where only the eigenvalues coalesce, while the corresponding eigenvectors are still orthogonal (e.g., classical geometrical symmetry degeneracies). One example about the existence of EP appears in duct acoustics with impedance boundary condition. 33 When the impedance (parameter) is tuned to the Cremer's optimum impedance, [25] [26] [27] this leads to the highest modal attenuation. This degeneracy has also been observed in computational acoustic provided that the normalization of the lined duct modes with respect to the bi-orthogonality relation fails. 40 Lawrie et al. 9, 41 have related this norm to the derivative of the dispersion relation which vanishes for double roots.
C. Implementation details
The meshes are performed with Gmsh. 42 The computations are carried out using Lagrange quadratic finite elements with FreeFEMþþ 43 FE implementation. The first 20 eigenvalues of smallest magnitudes are solved with two-level orthogonal Arnoldi (TOAR) algorithm dedicated to polynomial eigenvalue problem without explicitly creating matrices of the linearized problem and suitable for nonhermitian problems. The implementation is provided by SLEPc (scalable library for eigenvalue problem computations). 44 The numerical method has been validated with analytical solution for a homogeneous waveguide (air/porous).
III. EXPERIMENTAL APPROACH A. Experimental setup
The test facility 45 used in this study is schematically depicted in Fig. 2 . A two sources method is used: the acoustic waves are produced by two loudspeakers and propagate in a rectangular duct (width along y direction W ¼ 100 mm, height h a ¼ 15 mm). Two anechoic terminations are used to avoid resonant conditions in the duct. Note that the test material is put in a big rigid cavity.
The acquisition of signals is performed by Agilent VXI 1432 hardware platform which drives the source excitation synchronously with the acoustic pressure signals recording. A swept-sine over the frequency range 30-3500 Hz is used with a frequency increment of 10 Hz.
Two series of four microphones (B&K 4938 1 = 4 in., preamplifier B&K 2670 with Nexus) mounted in the upstream (u i , i ¼ 1; …; 4) and downstream (d i ) of the test material section are used to measure the acoustical pressure. The use of 2 Â 4 microphones allows an over-determination of the transmitted and reflected waves on both sides of the test material and avoids the problems in the precision of measurement when the acoustic wavelength is close to half the distance between two microphones. Those microphones are located at the positions:
In the frequency range 0-3400 Hz, only two acoustic modes can propagate in the rigid ducts: the plane wave and the first-order mode along dimension W. The microphones are located just at the center of dimension W, which means that the second mode is not measured and only the plane waves is captured.
B. Measuring technique
The aim of the experimental apparatus is to measure the transfer matrix or the scattering matrix of a test material. The scattering matrix for the plane wave relates the scattered pressure amplitudes p 
where T þ and T À are the anechoic transmission coefficients, R þ and R À are the anechoic reflection coefficients, and superscripts 6 indicate the direction of wave propagation along the x axis, and the subscripts "1, 2" indicate the upstream and downstream of the duct. The method of measurement used in the present study is called "the 2 sources method." Two measurements are made in two different states of the system. These different states are obtained by switching on the upstream source, the downstream source being switched off (measurement I), and vice versa (measurement II) (see Ref. 45 for details).
C. Description of the configurations
The porous material is a metallic foam (RECEMAT, NC4753.05 nickel-chromium alloy) that has been chosen to avoid any skeleton vibrations. It is supplied as plate of thickness 5 mm, and machined to the setup dimension. One layer of this metallic foam plate will be labelled by "P" in the fol- The Fig. 3(a) and embedded in the porous material as in Fig. 3(c) . The cylinder we considered in this work is with external diameter 22 mm, wall thickness 0.5 mm, bottom thickness 2 mm, and the total height 15 mm, as shown in Fig. 3(a) . Here x c is the center of the cylinder and indicates the inclusion position in the unit cell. Configurations with two different inclusion orientations are investigated. If the closed ends of all the cylinders are on the bottom and direct towards the rigid backing, it is labeled by "t"; inversely, "u" when all the closed ends are on the top and direct towards the duct (see, e.g., a 2D view in Fig. 2) . In order to embed the inclusions in the porous material, holes are drilled in three metallic foam layers, as we can see from Figs. 3(b) and 3(c) . To keep the same height on all the configurations, one layer of metallic foam "P" is added both on the top and bottom of the inclusions, leading to the configurations P-u-P and P-t-P mentioned in the following.
Acoustic measurements have been performed with cylinders embedded in the center of the cells x c ¼ ð0; 0; Àh p =2Þ (see Fig. 2 ).
IV. RESULTS AND DISCUSSION
A. Comparisons between the model and the measurements
The measured scattering matrix coefficients are given in Fig. 4 . Comparisons between the measured transmission loss TL ¼ À20 log jTj for eight unit cells and FE Bloch mode attenuation 25 for a length L,
are shown in Fig. 5 . The oscillations in the reflection coefficient in Fig. 4 (b) are linked to the wave reflection at the ends of the material (see Fig. 2 ). The reflection coefficient modulus oscillates around jRj ¼ 0:45 which is close to the approximation 13 The first frequencies where the reflection coefficient is minimum [f n % nc a =ð2LÞ, n integer] can also be estimated with an empty expansion chamber model. 46 These oscillations, due to the interface discontinuities, can also be observed in the transmission coefficient [see Fig.  4(a) ] and in the measured TL (see Fig. 5 ). They can also explain the differences between the measured TL and Bloch mode attenuation in Fig. 5 . The latter generally has a smaller attenuation value because the reflected waves at discontinuities send back the sound intensity to upstream. Nonetheless, the main trends are perfectly recovered with the least attenuated Bloch mode, especially for the attenuation peak frequency observed in Fig. 5(c) .
From Fig. 4 , the transmission coefficient or more conveniently the measured TL, reveals that below 500 Hz neither the tested inclusion shape nor its orientation are important because the pressure in the liner is nearly constant for the first mode. The TL depends mainly on the porous material volume, which is bigger for the configuration 5P, due to the air enclosed in the cylinders.
Above 500 Hz, the inclusion orientation starts to become significant. The measured TL of configuration P-t-P is quite similar to the one of 5P. This is also true for the Bloch mode attenuation curves, as shown in Figs. 5(a) and 5(b). When the cylinders are reversed, i.e., for configuration P-u-P, a TL peak can be observed, see Fig. 5(c) . As TL is driven by the least attenuated mode, the peak appears when the first and the second mode attenuation curves cross. The frequency of the TL peak is closely related to the effective height h appears to be larger than when the cylinder is in the t orientation and the second mode becomes nearly cut-on at lower frequency. Similar effects have also been observed in Ref. 18 for a 2D absorption problem.
B. Exceptional points
The crossing of the two Bloch mode attenuations observed in Fig. 5(c) is closely related to the existence of an EP. When periodic inclusions are embedded, new parameters can be used to tune the EP, for example the shape, the size or the position of the inclusion.
To illustrate the existence of the EP in the parameter plane of frequency and inclusion position, the cylinder center x c is moved above (d is positive) or below (d is negative) the center of the unit cell, as illustrated in the insert of Fig. 6 . The effect on the Bloch mode attenuations is then investigated numerically.
By changing d, the inclusion behaves as a quarter wavelength resonator or as a Helmholtz resonator, when the distance between the inclusion and the rigid wall becomes small. This parametric study has been performed on weak contrasted waveguides, when h p % h a , corresponding to experimental setup, and on strong contrast waveguide when h p ( h a corresponding more to practical situations. The latter configuration makes also the dispersion curves interpretation easier.
Weak contrast h p % h a
Modal attenuations for the lower two Bloch modes as a function of frequency at different inclusion positions are given in Fig. 6 . We can see that crossing (e.g., d ¼ 2) and 27 corresponds to a double root of the eigenvalue problem and is an EP in complex impedance (admittance) plane. 33 To illustrate the existence of the EP near the (avoided) crossing in Fig. 6 and the importance of its role on the sound attenuation optimization, we plot in Fig. 7 Ã , for which the two wavenumbers k B will cross at a critical value of frequency f Ã . 35 Thus, ðd Ã ; f Ã Þ $(À4.62 mm, 1570 Hz) is called an EP in the parameter plane of ðd; f Þ, where the lower two Bloch modes in Fig. 7 will coalesce. This EP leads to the maximal sound attenuation for the least attenuated mode, as it can be observed in Fig. 6 .
Nonetheless, this interpretation must be tempered. Indeed, when two modes tend to merge into a single one, a typical linear growth of the pressure field with respect to the axial coordinate occurs: the underlying beating phenomenon can be understood as the sum of two waves with infinitely close wavenumber. The EP will lead to the optimal sound attenuation if the linear growth remains negligible with respect to the exponential modal attenuation. For a finite liner, the global efficiency will be also strongly conditioned by the matching efficiency at the inlet/outlet of the silencer.
Using a Taylor expansion as in Refs. 25 and 26 in the vicinity of the double root k Ã B and assuming that there is no higher multiplicity root, the dispersion equation can be approached by
where 
Each mode corresponds to different Riemann sheets of wavenumber and the two modes are connected by a square root branch point 25, 26, 29 in the ðd; f Þ-parametric space (here the parameters are real) as shown in Fig. 8 . The branch point singularity is responsible for the crossing or the avoided crossing depending on the followed path in the ðd; f Þ-parametric space.
Strong contrast h p ( h a
In this section, all dimensions remain unchanged except that the airway height is set as h a ¼ 135 mm. As in the previous case the existence of an EP can be exhibited in the ðd; f Þ parametric space for the least attenuated mode. In Fig. 9 , the real and imaginary parts of the lower two Bloch wavenumbers k B are plotted as a function of frequency for two differ- IV B 1 when h p % h a , it can be noted that the EP ðd Ã ; f Ã Þ depends on the ratio between h p and h a .
The complete dispersion curves for this configuration are given in Fig. 10 . For the higher order modes, the coupling between the two waveguides becomes smaller and the present configuration is comparable to the limit cases of uncoupled waveguides. Hence, when h p ( h a , it becomes easier to analyze the eigenvectors behavior in the presence of an EP.
At low frequency, the first mode labeled m 0 couples strongly the air and porous domains and the pressure is nearly constant across the height. Moreover, the dispersion curves of the higher order modes in the airway can be well approximated by rigid wall boundary condition on C c (see the -curves in Fig. 10 ). In the meantime, a mode localized in the liner can be seen. It can be well approximated by assuming p p ¼ 0 boundary condition on the coupling interface C c and solving the problem (7) in the liner alone (see m L with þ markers in Fig. 10 ). The Dirichlet boundary condition is quite natural because the characteristic impedance of the porous material in diffusive regime tends to infinity / ffiffiffiffiffiffiffiffiffi r=x p as the frequency goes to 0 (see Appendix A). The rough approximation of the 1D reflection coefficient at the interface C c is then 1 from the airway to the porous, and À1 inversely. This explains that the modal behavior of the coupled system is close to the Neumann-Neumann problem in the airway and to the Dirichlet-Neumann problem in the liner, respectively.
When the frequency increases, this asymptotic behavior is no longer valid. In the vicinity of the EP, the coupling between the two waveguides is strong. The system is also very dispersive and the Bloch wavenumbers are very sensitive to small frequency shift. The eigenvalues of the modes labeled m 1 and m 0 merge. As mentioned previously, it can be seen that the two eigenvectors also merge and the pressure field is localized in the liner. The more the pressure field is localized in the porous material, the more the attenuation increases. Close to the EP, the two lower attenuated modes are confined in the liner, hence it explains why the modal attenuation is the highest.
After the EP, the two modes become again different. For one of them, labeled m S , the pressure field remains localized inside the liner and this mode becomes more and more attenuated. At higher frequency (keeping k B ( p=d) the mode behavior is well approximated by the Dirichlet-Neumann mode m L in the liner alone. Once projected on the frequencyRek B plane, the EP occurs at a frequency near the crossing between the first mode of the rigid duct and the m L mode. It can be noticed that similar qualitative results are obtained by using air characteristic impedance q a c a boundary condition or Dirichlet boundary condition on C c .
It is noteworthy that the group velocity of m S is smaller comparing to the sound speed in homogeneous the porous material c p . It can be explained by the tortuous path of the wave in the liner due to the inclusion.
The localized mode inside the liner is equivalent to a quasi-surface wave along the impedance wall as observed theoretically by Bi and Pagneux in Ref. 34 . They use an analogy with resonance trapping phenomenon in open quantum system to shed the light on the EP and waveguide mode behaviors.
For the other mode, above the EP frequency, the eigenvector is becoming similar to the mode m 1 (1 nodal line). This mode is labeled m 0 1 and everything happens as if the quasi constant mode m 0 has switched with the first higher mode m 1 at low frequency, as shown in Fig. 10 . The group velocity tends to c a when the frequency increases, indicating that this mode becomes a perturbation of a rigid duct mode.
V. CONCLUSIONS
In this paper, porous material with embedded periodic rigid resonant inclusions has been investigated experimentally and numerically to enhance the sound attenuation at low frequency for acoustic ducts. Good agreements have been observed between the measurements and the predicted results. The measured transmission loss peak observed in the partially lined acoustic duct can be explained by the crossing (or avoided crossing) of the lower two Bloch mode attenuations in the infinite periodic waveguide.
It has been shown that the embedded inclusions can greatly enhance the sound attenuation in a partially lined duct if the inclusion shape and position are carefully chosen. Due to the existence of the EP in the parameter space of the inclusion position and frequency, different types of crossing and avoided crossing are observed for the Bloch wavenumber. At the EP, where both the eigenvalues and the eigenvectors of the lower two Bloch modes coalesce, a maximal sound attenuation can be achieved because of a localized mode in the liner.
This paper opens the way to the understanding of the design of metaporous materials or metamaterials for waveguide attenuation. The inclusion position can be easily used to tune the material and to get close to an EP. The EP based design generalizes to nonlocally reacting material the concept of optimal impedance [25] [26] [27] 33 developed initially by Cremer and Tester. Work is on going to identify the conditions leading to EP and its efficiency on finite length configuration as it has been done for impedance boundary condition. 2, 3, 33 
